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Abstrat
We study the UV properties, and derive the expliit form of the one-
loop eetive ation, for a nonommutative omplex salar eld theory
in 2 + 1 dimensions with a Grosse-Wulkenhaar term, at the self-dual
point. We also onsider quantum eets around non-trivial minima
of the lassial ation whih appear when the potential allows for the
spontaneous breaking of the U(1) symmetry. For those solutions, we
show that the one-loop orretion to the vauum energy is a funtion
of a speial ombination of the amplitude of the lassial solution and
the oupling onstant.
1 Introdution
Nonommutative Quantum Field Theories (NCQFT's), in partiular those
obtained by Moyal deformation of the usual (pointwise) produt of funtions,
have been a subjet of intense researh in reent years [1℄, beause of many
dierent reasons. Among them is their relevane to open string dynamis [2℄
and, in a quite dierent ontext, they are important tools for an eetive
desription of the Quantum Hall Eet (QHE) [3℄. In this realization of an
inompressible quantum uid [4℄, the projetion to the lowest Landau level
under the existene of a strong magneti eld amounts, for a two-dimensional
system, to the nonommutativity of the spatial oordinates [5℄.
In this paper, we alulate one-loop quantum eets around both trivial
and non-trivial saddle points, for the NCQFT of a self-interating omplex
1
salar eld equipped with a Grosse-Wulkenhaar (GW) term [6℄ (see also [7℄
and [8℄).
One of the interests for arrying out this expliit alulation is that, in
spite of the many important general results for this kind of NCQFT [6℄ there
are, we believe, still few onrete results obtained by atually evaluating
quantum eets in models that inlude a GW-term. In partiular, we shall
fous on the divergent terms in the eetive ation, and on the rst quantum
orretions to the eetive ation around non trivial minima, in the ase of
a spontaneous symmetry breaking potential.
We deal with a 2+ 1 dimensional model, something whih makes it more
attrative from the point of view of its potential appliations to the situation
of a planar system in an external magneti eld. At the same time, it pro-
vides an opportunity to probe the eet to the GW term in an odd number
of spaetime dimensions where, neessarily, some of the oordinates do om-
mute. Finally, we also onsider the important issue of alulating quantum
orretions on top of non-trivial minima that arise when there is spontaneous
symmetry breaking.
This artile is organized as follows: in setion 2 we write down the ation
that denes the model, seleting the basis of funtions to be used in the
loopwise expansion, and extrating the resulting Feynman rules. We analyze
the renormalizability of the theory in 3, while the one-loop orretions to
the two and four-point funtions are evaluated in setion 4. We onsider
quantum eets around non-trivial minima in setion 5. In setion 6, we
present our onlusions.
2 The model
We are onerned with a nonommutative model whose dynamial variable
is a omplex salar eld in 2 + 1 spae-time dimensions, suh that the oor-
dinates satisfy:
[xµ , xν ] = i θµν , µ, ν = 0, 1, 2 , (1)
where θµν are the elements of a onstant real antisymmetri onstant matrix.
In 2 + 1 dimensions this matrix is neessarily singular; thus we shall assume
that its (only) null eigenvalue orresponds to the time diretion, x0, sine we
are not interested in introduing nonommutativity for the time oordinate.
Although there are some general arguments to disard those theories [9℄,
in our ase the reason is simpler: we want to onsider theories that might
be interpreted in terms of eetive eld theory models in strong magneti
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elds [10℄. Thus we have the more expliit ommutation relations:
[x0, xj ] = 0 , [xj , xk] = i θjk , j, k = 1, 2 (2)
where θjk = θ ǫjk, and we shall assume that θ > 0.
The model is dened by the following Eulidean ation:
S =
∫
x,t
(
∂µϕ
∗∂µϕ+m2ϕ∗ϕ+ Ω2ϕ∗ ⋆ zj ⋆ ϕ ⋆ zj
)
+ Sint (3)
(with zj ≡ θ−1jk xk), whih is of the kind proposed in [6℄. Under the extra
assumption that Ω2 ≡ 2, the system is said to be at the self-dual point sine
it is invariant under a ombined Fourier transformation and resaling [11℄ of
spatial oordinates:
S[ϕ, ϕ∗, θ, g] = S[1
θ
ϕˆ(x
θ
),
1
θ
ϕˆ∗(x
θ
), θ, g] , (4)
a symmetry that survives, as we shall see expliitly, one loop quantum or-
retions. At that speial point, one of the terms in the ommutators used to
dene the spatial (inner) derivatives is aneled with a like one oming from
the onning potential term, leading to an ation with the form:
S =
∫
x,t
(
ϕ˙∗ϕ˙+m2ϕ∗ϕ+
1
θ2
ϕ∗ ⋆ xj ⋆ xj ⋆ ϕ+
1
θ2
ϕ ⋆ xj ⋆ xj ⋆ ϕ
∗
)
+ Sint ,
(5)
where the dot denotes dierentiation with respet to x0. The interation
term that we shall onsider may be regarded as the orientable analog of the
ϕ4 vertex, namely,
Sint = g
4!
∫
x,t
ϕ∗ ⋆ ϕ ⋆ ϕ∗ ⋆ ϕ . (6)
Note that there is, indeed, yet another inequivalent analog to the ϕ4 vertex,
namely:
Sint = g
4!
∫
x,t
ϕ∗ ⋆ ϕ∗ ⋆ ϕ ⋆ ϕ . (7)
We shall not, however, deal here with a theory inluding this term sine its
UV properties seem to be qualitatively dierent [12℄. The interation term
(6) yields a super-renormalizable theory, as we shall see in setion 3.
To arry on expliit alulations it is onvenient to hose the so alled
matrix basis, sine, as it an be shown, their ⋆-produt adopts a `diagonal
form' :
• fnk ⋆ fk′n′ = δkk′fnn′
3
• (fnk)∗ = fkn .
In Appendix A, a brief summary of this and related properties is presented.
Careful demostrations may be found, for example, in [13℄.
The oeients ϕnk(t), that appear in the expansion of the eld in suh
a basis,
ϕ(x, t) =
∑
nk
ϕnk(t)fnk(x) , (8)
beome then the dynamial variables. In terms of these oeients, the
ation integral reads:
S =
∫
t1t2
ϕ∗ln(t1)Gln,kr(t1−t2)ϕkr(t2)+
2πθg
4!
∫
t
ϕ∗n1,n4ϕn1,n2ϕ
∗
n3,n2
ϕn3,n4 , (9)
where
Gln,kr(t1 − t2) = 2πθδ(t1 − t2)δlkδnr(−∂2t +m2 +
2
θ
(k + n+ 1)) (10)
is a kernel that denes the quadrati (free) part of the ation. To derive the
Feynman rules orresponding to this ation, we need an expliit expression
for ∆ = G−1. Sine G is already diagonal with respet to its disrete indies,
we only need to deal with the temporal oordinates. In Fourier (frequeny)
spae:
∆ˆln,kr(ν) =
δlkδnr
2πθ
1
ω2nk + ν
2
, (11)
and after Fourier transformation:
∆ln,kr(t1 − t2) = 〈ϕln(t1)ϕ∗kr(t2)〉0 =
δlkδnr
2πθ
e−ωkn|t1−t2|
2ωkn
, (12)
where
ω2kn = m
2 +
2
θ
(k + n + 1) . (13)
The Feynman rules and onventions used for the diagrammati expansion
that follows from this model are better introdued in terms of diagrams
with a double line notation, to ope with matrix indies. Orientation is, on
the other hand, assigned aording to the usual onvention for reation and
annihilation operators.
The free propagator and the interation vertex orrespond to the diagrams
of gures 1 and 2, respetively:
A dot attahed to a line indiates that it orresponds to the rst index.
So when two verties are onneted with a double line, both the dots and the
4
Figure 1: The free propagator
Figure 2: The interation vertex
g
4!
ϕ∗n1,n4ϕn1,n2ϕ
∗
n3,n2
ϕn3,n4
orientation of the lines must oinide (note that it is not neessary to attah a
dot to the propagator). Equipped with this notation, we may easily group all
the inequivalent diagrams orresponding to a given lass. Symmetry fators
an, of ourse, be alulated by standard appliation of Wik's theorem.
Thus we are ready to onstrut perturbatively the generating funtional
of 1PI graphs whih we shall alulate expliitly up to the one-loop order.
This analysis is adapted for a propagator with a simple form in the matrix
basis. Other basis an be of interest (suh as plane waves) depending on the
struture of the propagator and the vertex [14℄.
5
3 Renormalization
3.1 One-loop divergenes
It is easy to see that the only divergent diagram of the theory at the one-loop
level is the tadpole graph of Figure 3.
Figure 3: The tadpole graph. Two ontrations are possible.
As shown in the gure, there is a `free' internal index (not xed by the
external ones). This leads to an UV divergent ontribution to the two point
funtion:
Γ(2),planarn0n1,n2n3(x− y) =
2g
4!
δn0n2δn1n3δ(x− y)
∑
k≥0
1
ωk,n2
. (14)
The same amplitude is obtained writing n3 instead of n2 and this would yield
to a symmetri expression in ϕ and ϕ∗. This orresponds to the other on-
tration shown in Figure 3. For the sake of simpliity we onentrate now in
one of these, and we nally give the symmetrized expression in equation 24.
An Eulidean ut o an be implemented simply by limiting the number of
modes we sum. Denoting by kmax the maximum index in the (onvergent)
sum, we split it up into two parts: one of them shall give a mass renormal-
ization term, while the other will be a funtion of n2 with a nite limit as
kmax → ∞. We hose as subtration point n2 = 0, in this way the singular
ontribution to Γ is:
δΓ =
2g
πθ4!
( k=kmax∑
k=0
1
ωk,0
)∫
x,t
ϕ∗(x,t) ⋆ ϕ(x,t) , (15)
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whih an be absorbed by the denition of the mass parameter.
On the other hand, the nite part reads:
k=kmax∑
k=0
(
1
ωk,n2
− 1
ωk,0
) , (16)
where the kmax → ∞ limit an be taken to get a nite ontribution to the
generating funtional. This yields a funtion of n2 that, as we shall see, an
be written as a (one-body) potential term.
3.2 Renormalizability and power ounting
Let us rst show the theory is at least renormalizable (by power ounting).
For a given Green's funtion the most important ontributions are given by
the planar graphs. But taking into aount the struture of the propagator
(11) any amplitude must onverge better than a fermioni theory with a
quarti vertex two dimensions (and without infrared problems). In order to
show this we reall the standard denition:
ωvertex = (
d− 1
2
)Fν , (17)
where Fν is the number of fermions in the vertex. So in our ase the theory
behaves better than ων = 2, i.e. a renormalizable theory.
In order to see that the theory is super-renormalizable, note that there
must be at least two propagators in eah loop (in other ase, it would be the
one-loop tadpole ontribution, that has already been onsidered), but prod-
uts of two or more propagators of the form (11) yield onvergent integrals,
beause the argument an be sum or integrated in any order and eah of the
iterated operation onverges [15℄. One way to see this is integrating in the
worst iteration possible, this is to perform the ontinuous integral and then
the sum. But if one of the propagators is multiplied by a rational funtion of
the disrete variable the sum onverges, and this is indeed the ase (as an
be easy veried performing the integral asymptotially).
There remain non-trivial ases, namely: overlapping loop graph suh as the
one shown in Figure 4.
The amplitude assoiated with this diagram is proportional to:∫
ω1ω2
∑
n1n2
1
ω21 +m
2 + 2
θ
(k1 + n1 + 1)
1
ω22 +m
2 + 2
θ
(k2 + n2 + 1)
×
1
(ω1 + ω2 − q)2 +m2 + 2θ (n1 + n2 + 1)
, (18)
7
Figure 4: Two loop self energy diagram.
where k1, k2 and q are external variables. This graph is onvergent i the
following integral is onvergent:∫
d4x
1
x21 + |x2|+ 1
1
x23 + |x4|+ 1
1
(x1 + x3 − β)2 + |x1|+ |x2|+ 1 , (19)
but this is indeed the ase, beause is an integral of a positive funtion and
the integration in eah variable is onvergent. Any other multiloop planar
diagram is onvergent for the same reason. In this way we see that it is
enough to renormalize the tadpole graph.
4 Renormalized generating funtional
We onstrut here the generating funtional of 1PI graphs for the one loop
renormalized perturbation series up to fourth order in the eld variable.
4.1 Two point funtion
We need to onsider the expression in (16) in more detail. This is a onvergent
series whih denes a holomorphi funtion of n2. Introduing oeients
αλ, so that: ∑
k≥0
(
1
ωk,n2
− 1
ωk,0
) =
∑
λ≥1
αλn
λ
2 , (20)
the relation:
αλ =
√
θ
2
β
(λ)
(1+m
2θ
2
)
(21)
β(λ)(z) =
1
λ!
∂λ
∂wλ
(
Z[1
2
, w + z]−Z[1
2
, z]
)
|w=0 (22)
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where Z is the Hurwitz zeta funtion, is easily obtained. It is important to
note the smooth behavior with respet to the produt m2θ, this number is
greater than zero so the argument of the funtion beta is always greater than
one (i.e. in this domain the funtion is regular). Now we are ready to inlude
the ontribution of the two point funtion to the generating funtional. The
singular part is absorbed in a mass renormalization, while the nite part is:
Γ(2),finiten0n1,n2n3(x− y) =
2g
4!
δn0n2δn1n3δ(x− y)
(∑
λ≥1
αλn
λ
2
)
. (23)
Taking now into aount the orrespondene with the funtional representa-
tion (see Appendix A), we an use the number operator to get an expression
in the original funtional spae:
δΓ[ϕ, ϕ∗] =
2g
4!2π
√
2θ
∫
x,t
(
ϕ∗ ⋆ V (
x√
θ
) ⋆ ϕ+ ϕ ⋆ V (
x√
θ
) ⋆ ϕ∗
)
, (24)
where we have used the denition:
V (
x√
θ
) =
∑
λ≥1
β(λ)
2λ
(xj ⋆ xj
θ
− 1)⋆λ . (25)
This shows the expliit form of the one-body potential, The rst three terms
in the expansion of this potential are plotted in Figure 5, for the values
m2θ = 0, m2θ = 2 and m2θ =∞ .
It is lear that this quantum orretion tends to deonne the system, as
it should be expeted from the repulsive harater of the interation.
4.2 Four-point funtions
Now we deal with the four-point ontributions, whih orrespond to four in-
equivalent diagrams, whih we study below, together with their orrespond-
ing ontributions to the ation. The diagram of Figure 6 ontributes with:
δΓ = −S(2πθg)
2
2(4!)2
δ(t1−t2)δ(t3−t4)δ
n1
n3
δn2n0δ
n5
n7
δn4n6 (∆
n4n1,n4n1
(t1−t3) )
2 , (26)
where S is a symmetry fator. To obtain an expliit expression for the quan-
tum orretion to the ation we will onsider a low energy approximation,
assuming we are onerned with the physis of this system up to nmaxi (whih
is a kind of low-momentum approximation).
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V ( x√
θ
)/V (0)
x/
√
θ
Figure 5: One-body potential due to quantum orretions. m2θ = 0 (Short
dashed),m2θ = 2 (Long dashed), m2θ →∞ (bold).
Figure 6:
Thus, assuming the ondition θm2 >> nmaxi for the external indies, we an
write:
δΓ = −α g
2
m3θ2
∫
t
(
∫
x
ϕ∗(x,t) ⋆ ϕ(x,t))
2 , α > 0 , (27)
where α is independent of the parameters of the problem. Another ontri-
10
bution is the one represented in Figure 7. Its analyti expression is:
Figure 7:
δΓ =
−S(2πθg)2
2(4!)2
δ(t1−t3)δ(t2−t4)δ
n6
n4
δn3n1δ
n2
n0
δn5n7∆
n1n4,n1n4
(t2−t3) ∆
n0n5,n0n5
(t2−t3) . (28)
Using the same approximation as for the previous diagram, we see that it
may be approximated by
δΓ = −α g
2
m3θ2
∫
t
(
∫
x
ϕ∗(x,t) ⋆ ϕ(x,t))
2 , α > 0 . (29)
Another nonequivalent diagram of this lass is represented in Figure 8. Under
Figure 8:
the same approximation we used before, it ontributes with:
δΓ = −α g
2
m3θ2
∫
t
(
∫
x
ϕ∗(x,t) ⋆ ϕ(x,t))
2 , α > 0 . (30)
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Thus under this approximation all non-planar ontributions have the same
expression. Numerial fators (we all α in equations 27, 29 and 30) an of
ourse be dierent.
There is also a planar diagramwith one of its indexes not xed by the external
ones, Figure 9. Beause of this its ontribution is more important than the
Figure 9:
previous ones:
δΓ =
−S(2πθg)2
2(4!)2
δ(t1−t2)δ(t3−t4)δ
n0
n2
δn6n4δ
n3
n5
δn1n7
∑
λ≥0
∆λn3,λn3(t1−t3) ∆
λn1,λn1
(t1−t3) , (31)
whih we again approximate, with the result:
δΓ = −α(gθ 12 )Z
( 3
2
, 2+θm
2
2
)
g
∫
ϕ∗ ⋆ ϕ ⋆ ϕ∗ ⋆ ϕ , α > 0 . (32)
This diagram has a nite θm2 →∞ limit. Indeed,
lim
x→∞
√
xZ( 3
2
, 2+x
2
) = β , (33)
where β is a positive number of order unity. So we have
δΓ = −αβg
2
m
∫
ϕ∗ ⋆ ϕ ⋆ ϕ∗ ⋆ ϕ , α > 0 . (34)
In this way, we see that only the last graph is leading when θm2 → ∞.
This is a onsequene of the free internal line (loop) whih gives the most
important ontribution to the generating funtional in this limit.
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4.3 Approximate generating funtional
Joining all the previous piees, we get an approximate expression for the 1PI
funtional, in the θm2 →∞ limit.
Γ = S + g
4!2π
√
2θ
∫
x,t
ϕ∗ ⋆ V (
x√
θ
) ⋆ ϕ+ ϕ ⋆ V (
x√
θ
) ⋆ ϕ∗−
− αβg
2
m
∫
ϕ∗ ⋆ ϕ ⋆ ϕ∗ ⋆ ϕ . (35)
The approximation have been used to eliminate some of the four point on-
tributions. Taking into aount the form of the oeients in the two point
funtion it is easily veried that if the series whih denes the one-body
potential is trunated, this orretion vanishes as well. We do not have, how-
ever, a losed analytial expression for that orretion, so this term should
be kept.
If further orretions are taken into aount under the approximation θm2 →
∞ non-planar diagrams an be eliminated as in the four point funtion ase.
It is easily seen that if a series of internal lines onneted to external legs are
replaed by an internal loop the amplitude results a fator θm2 bigger than
the non-planar ase. So, for example, if the two-loop self energy diagram
is onsidered as in Figure 4 the non-planar ase would be suppressed by a
fator O( 1
(θm2)2
), and so the latter orretion would not be important.
5 Non trivial vauum ongurations
Using the properties of the matrix base, exat lassial solutions to the equa-
tions of motion an be found. A natural question is whether we an dene
a sensible quantum theory around those non trivial vauum ongurations.
As we shall see, this is indeed the ase. We will also analyze how the vauum
energy is shifted under variations of the parameters that haraterize the
solutions.
5.1 Classial solutions
Considering the real-time ation assoiated to the Eulidean one of (5), we
see that a lassial solution must satisfy:
ϕ¨+m2ϕ+
1
θ2
(xµ ⋆ xµ ⋆ ϕ) +
1
θ2
(ϕ ⋆ xµ ⋆ xµ) +
2g
4!
ϕ ⋆ ϕ∗ ⋆ ϕ = 0 . (36)
Using the ansatz
ϕnk(x, t) = e
ı˙Ωnktfnk(x) , (37)
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we have a solution to the nonlinear problem if the following dispersion relation
is satised:
Ω2nk = m
2 +
2
θ
(n + k + 1) +
2g
4!
. (38)
This means that, at the lassial level, objets with typial size θ an be stable
(note the dierene with the ommutative ase). There is a vast literature
on the subjet of solitoni solutions for nonommutative theories, some basi
referenes are [1℄ and [16℄.
In order to study the quantum orretions, we deal next with the Eulidean
version of the problem.
5.2 Quantum ase
Consider again the Eulidean ation (5). The ondition for an extremum
with an ansatz suh as (37) is
Ω2nk +m
2 +
2
θ
(n+ k + 1) +
2g
4!
= 0 . (39)
If we fous on time-independent solutions, a symmetry-breaking like potential
is needed in order to have an extremum. We will, however, ontinue the
disussion for a dierent kind of solution. As it may be easily veried, ϕ =
ηf00 is a solution of the equation of motion if:
m2 +
2
θ
+
2gη2
4!
= 0 . (40)
In the same way it is possible to generate more solutions of the form ϕ = ηfnk,
with a non-linear ondition for the amplitude. We will fous on the funda-
mental one (ϕ = ηf00) for an expliit analysis.
A rst question is whether a generating funtional (in the path integral for-
malism) an be onstruted by expanding around this extremum. Next we
want to know the dependene of the vauum energy with the parameters
of the problem. Let us rst deal with the rst (stability) ondition. The
seond-order orretion about the extremum of the Eulidean ation is pa-
rameterized as follows:
1
2
(
χ
χ∗
)†
H(S)
(
χ
χ∗
)
(41)
where χ is the utuation around the non trivial solution, and H(S) is the
Hessian matrix: (
δ2S
δϕ1δϕ
∗
2
δ2S
δϕ∗
1
δϕ∗
2
δ2S
δϕ1δϕ2
δ2S
δϕ∗
1
δϕ2
)
(42)
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with the usual notation for kernels. So the onsisteny ondition is equivalent
to hek that all eigenvalues of this matrix are positive. In fat we already
have a basis of eigenvetors {ϕ/ϕ = eiΩtfnk(x), n, k ∈ N, Ω ∈ R}, and the
eigenvalues are:

Ω2 +m2 + 2
θ
(n1 + n2 + 1) n1, n2 ≥ 1
Ω2 +m2 + 2
θ
(n1 + n2 + 1) +
2gη2
4!
n1,2 = 0, n2,1 ≥ 1
Ω2 +m2 + 2
θ
+ 6gη
2
4!
n1 = n2 = 0
Using the ondition 40 the set of eigenvalues is:

Ω2 + 2
θ
(n1 + n2)− 2gη24! n1, n2 ≥ 1
Ω2 + 2
θ
(n1 + n2) n1,2 = 0, n2,1 ≥ 1
Ω2 + gη
2
3!
n1 = n2 = 0,
whih are all positive if gη2 < 2 4!
θ
.
Now the vauum energy shift between two sets of parameters assoiated with
the eigenvalues {λ′n(Ω)} and {λn(Ω)} an be evaluated as:
∆E =
1
2π
∫
dΩ
∑
n
log
(λ′n(Ω)
λn(Ω)
)
. (43)
This shows there is a way of hanging the parameters suh that the energy
remains onstant, if we mantain m and θ onstant and if the produt gη2
does not hange then ∆E = 0. But note that we an hange the oupling
onstant g and the amplitude of the solution η, with just one onstraint.
In referene [17℄, a throughout study of non-trivial vauum ongurations
in (real and omplex) salar models in 2 and 4 spaetime dimensions is pre-
sented. The kind of ansatz that we onsider here may be regarded as an
embedding to 2 + 1 dimensions, of one of the solutions onsidered there for
the 2-dimensional ase.
6 Conlusions
We have shown expliitly that the self-dual model is a super-renormalizable
theory, arrying out the expliit one-loop renormalization proedure, and
evaluating the orresponding ontributions to the eetive ation to that
15
order. We have also found an approximate expression for the generating
funtional of proper verties, under the assumption: m2θ >> 1.
Besides, some non trivial solutions in the presene of the GW term and
a symmetry breaking potential have been found at lassial level, and it
was shown that they are stable under the leading quantum orretions, by
evaluating the exat eigenvalues of the Hessian around those extrema. The
resulting dependene of the vauum energy on the model's parameters has
also been expliitly found.
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Appendix A
In this setion we will briey derive the properties of the basis whih `diag-
onalizes' Moyal produt:
(f ⋆ g)(x) = f(x)e
ı˙
2
θµν
←−
∂µ
−→
∂νg(x) . (44)
First we build an operatorial representation of the algebra. Consider two
hermitian operators suh that [x1, x2] = iθ, and dene the reation an anni-
hilation operators a and a†:
a =
x1 + ix2√
2θ
[a, a†] = 1 . (45)
To onnet the algebra of funtions G with the algebra of operators G ′ on-
sider a map S−1 : f ∈ G → O(f) ∈ G ′ dened by the following equation (here
time is just a parameter):
Of (t) =
∫
k¯∈R2
1
(2π)2
fˆ(k¯, t) : ei
√
θ
2
(k∗a+ka†) : ; k = k1 + ik2 , (46)
where :: denotes normal ordering and fˆ is the usual Fourier transform:
fˆ(k¯, t) =
∫
x¯∈R2
f(x¯, t)e−ik¯j x¯j . (47)
It is the work of a moment to verify the properties:
•
Of⋆g = OfOg (48)
•
Tr(Of) = 1
2πθ
∫
x
f(x, t) (49)
•
O(∂x1f) = [
ı˙
θ
x2,Of ] O(∂x2f) = [−
ı˙
θ
x1,Of ] . (50)
So the Moyal produt in the algebra of funtions is mapped to omposition
of operators. On the other hand, there is a speial lass of operators that
allow a very easy way to perform omposition, namely the ones whih have
the form |n〉 〈k|. So if we know fnk ∈ G/O(fnk) = |n〉 〈k| we would have
fnk ⋆ fk′n′ = δkk′fnn′ f
∗
nk = fkn , (51)
beause of equation (48). This is the basis we mentioned above. To get an
expliit form of the ondition Ofnk = |n〉 〈k| is enough to take matrix ele-
ments in equation (46) and use that Laguerre assoiated polynomials (L
(n−j)
j )
are omplete (very useful identities an be found in [18℄). Looking at the
oeients we nd that the Fourier transform of suh a funtion in polar
oordinates is:
fˆnj(ρ,ϕ) = 2πθ
√
j!
n!
(i
√
θ
2
)j−ne−iϕ(n−j)ρj−ne−
θρ2
4 L
(n−j)
j (
θρ2
2
) , (52)
so for example a diagonal one is a Gaussian times a polynomial
fˆnn(k) = 2πθ e
− θk2
4 L
(n)
(θk2
2
)
. (53)
Referenes
[1℄ M. R. Douglas and N. A. Nekrasov, Rev. Mod. Phys. 73, 977 (2001)
[arXiv:hep-th/0106048℄.
[2℄ N. Seiberg and E. Witten, JHEP 9909 (1999) 032
[arXiv:hep-th/9908142℄.
[3℄ L. Susskind, The quantum Hall uid and non-ommutative Chern Si-
mons theory, [arXiv:hep-th/0101029℄.
17
[4℄ R. Jakiw, V. P. Nair, S. Y. Pi and A. P. Polyhronakos, J. Phys. A 37,
R327 (2004) [arXiv:hep-ph/0407101℄.
[5℄ C. Duval and P. A. Horvathy, Phys. Lett. B 479, 284 (2000)
[arXiv:hep-th/0002233℄.
[6℄ H. Grosse and R. Wulkenhaar, JHEP 0312, 019 (2003)
[arXiv:hep-th/0307017℄.
H. Grosse and R. Wulkenhaar, Commun. Math. Phys. 256, 305 (2005)
[arXiv:hep-th/0401128℄.
[7℄ V. Rivasseau, Non-ommutative renormalization, arXiv:0705.0705
[hep-th℄.
[8℄ Z. Wang and S. Wan, Renormalization of Orientable Non-Commutative
Complex Φ63 Model, arXiv:0710.2652 [hep-th℄.
[9℄ L. Alvarez-Gaume, J. L. F. Barbon and R. Zwiky, JHEP 0105, 057
(2001) [arXiv:hep-th/0103069℄.
[10℄ C. D. Foso and A. Lopez, J. Phys. A 37, 4123 (2004)
[arXiv:hep-th/0106136℄.
[11℄ E. Langmann and R. J. Szabo, Phys. Lett. B 533, 168 (2002)
[arXiv:hep-th/0202039℄.
[12℄ A. de Goursa, J. C. Wallet and R. Wulkenhaar, Eur. Phys. J. C 51,
977 (2007) [arXiv:hep-th/0703075℄.
[13℄ J. M. Graia-Bondía and J. C. Varilly, J. Math. Phys. 29 (1988) 869.
[14℄ S. Minwalla, M. Van Raamsdonk and N. Seiberg, JHEP 0002, 020
(2000) [arXiv:hep-th/9912072℄.
[15℄ G. Folland, "Real Analysis: Modern tehniques and their appliations".
Wiley-Intersiene (1984).
[16℄ F. A. Shaposnik, Three letures on nonommutative eld theories,
[arXiv:hep-th/0408132℄.
[17℄ A. de Goursa, A. Tanasa and J. C. Wallet, Vauum ongurations for
renormalizable non-ommutative salar models, arXiv:0709.3950 [hep-
th℄.
[18℄ G. Gangopadhyay, J. Phys. A: Math. Gen. 32 (1999) L433-L440.
18
